In this paper we give the definition of a meromorphic function which is geometrically finite and investigate some properties of geometrically finite meromorphic functions and the Lebesgue measure of their Julia sets.
Introduction and results
Let/ : C i->-<C be a transcendental meromorphic function, and/", n € H, denote the nth iterate of / . Then / " (z) is defined for all z e C except for a countable set of the poles off,/ 94 Jian-Hua Zheng [2] of period p. If U is a periodic component of period p and there exists a € 3 U U {oo} such that/ p "(z) -• a in U as n ->• oo, a n d / p ( z ) is not defined at z = a, then /7 is called a Safer domain. Hence for a Baker domain U, all the limit functions of [f" \ u] are constants in J(f) U {oo}. A point ZQ is called periodic if for some n > 0, f"(zo) = Zo-In this case, the smallest n with this property is called the period ofzo-A periodic point Zo of period n is called attracting, indifferent, or repelling according as \(f")'(zo)\ is less than, equal to, or greater than 1. For an indifferent periodic point zo of period n, we have (f n )'(zo) = e 2 ""', 0 < a < 1. When a is rational, we say that zo is rationally indifferent and when a is irrational, zo is irrationally indifferent and furthermore, in this case, z 0 is a Siegel point if z 0 € f ( / ) or a Cremer point if Zo € •/(/")• Denote by sing(/ ~') the set of singularities of the inverse function of/, that is, the set of critical and asymptotic values and limit points of these values. Define P(f) = [w e C : for some n e N, / " has a singularity at w] (1) #{•/</) n P(f)) <+oo.
When / (z) is a rational function with degree at least 2, (1) implies that / (z) has no Cremer points. This result is also true for the case when / is of finite type, that is, the set sing(/"') is finite, since for a Cremer point a off, we have in J(f) some singularity c of / ~' such that as 0+(c)\{f n (c)}Zo (see [9, Proposition 1.11] ). Rational functions which are geometrically finite were investigated by several people. For example, it was proved in [10] (see [16, Chapter 5] ) that the Julia set of such a rational function has Lebesgue measure zero. A meromorphic function which is geometrically finite and has no rationally indifferent periodic points is called subhyperbolic according to the case of rational functions, such rational functions have attracted much interest (see [16, Chapter 5] ). [3] On transcendental meromorphic functions 95
In this paper, we discuss some basic properties and the Lebesgue measure of Julia sets of transcendental meromorphic functions which are geometrically finite. This case is obviously more complicated than that of rational functions. It is well known that the Julia set of X tan z (0 < X < 1) lies in the real axis (see [1, 4] ) and the Julia set of sinz has positive Lebesgue measure (see [12] ). These functions are all geometrically finite.
A point a € C is said to be attracted by a set X provided that a is not (pre)periodic and all the limit points of {/" (a)} are in X. We denote by C r (f) the set of rationally indifferent periodic cycles of/, by D (f) the set of points in J (f) which are limit points of some sequence {/"'(£>*)}, where
, and by L(f) the set of all the limit functions of / " | u, where U is a wandering or Baker domain containing at least one element of sing(/ "'). We denote by B p the family of meromorphic functions with bounded S p (f). We write Z?[ as B. The dynamics of the functions in Class B have been investigated by many authors, see, for example, [3, 7, 18] . For an integer p > 0, put I p (f) :-[z e C : f np (z) -• 00 as n -• 00 and/ np (z) ^ 00}. We write h(f) as / ( / ) . Eremenko [6] proved that if/ is entire, then I(f)^z0
and J(f) = 3/(/), this was extended by Dominguez [5] to the case of meromorphic functions. It was proved by Zheng [18] The following concept is important. A subset E of C is called thin at infinity provided that there exist r > 0 and R > 0 such that for all a € E n D s , we have (2) d^g . P ( « . r ) ) -^E " 0 ( » ' » < ! -. , mes(D(a, r)) where £ > 0 is independent of a. The definition is a little different from that given in [12] . [12] proved that mes(/(sinz)) > 0. It is clear that sinz is of finite type and geometrically finite. Hence '/,,(/) is thin at infinity' cannot be left out in Theorem 3. However, Eremenko and Lyubich [7] proved under different assumptions that for an entire f e B, mes /(f) = 0 .
THEOREM 4. Let f be a geometrically finite meromorphic function. Assume that there exists R >
0 such that dist (/(/) D J(f)D D R , P(f)) > 0.
Ifl(f)nj(f)is thin at infinity and J(f)r\P(f)C\J 00
= 0, then mes J(f) = 0 .
THEOREM 5. Letf be a geometrically finite meromorphic function. Assume that there exists R
REMARK 2. Theorem 4 is an extension of [8, Theorem 3] . Theorem 5 was proved by McMullen [ 12] in the case when / is entire with compact P(f) and J(f)DP(f) = 0 and by Stallard [15] in the case when / is entire with dist (J (f), P(f)) > 0.
It is not easy in general to determine whether the Julia set of a meromorphic function is thin at infinity. It is obviously easier to decide that / ( / ) n J(f) is thin at infinity, and so it is sometimes more convenient to use Theorem 4 to show that mes J (f) = 0. We discuss this further in the final section.
By the method of Stallard [15] and McMullen [12] , we can deduce the following result, which is used in the proofs of Theorems 3-5 and which is of independent interest.
THEOREM 6. Let f be a meromorphic function with J (f) ^ C and let E be a completely invariant subset of J(f) under f. For a € E \ Joo, if there exists a subsequence {m k } of positive integers satisfying dist(f mt (a), P(f))
> S > 0, k = 1, 2 , . . . . then the following statements hold: 
Proofs of Theorems 1 and 2
In order to prove Theorem 1 and Theorem 2 in this paper, we need the following results.
THEOREM 7. Let f be a transcendental meromorphic function. If a & /«,, then a cannot be attracted by any repelling or irrationally indifferent cycles. If, in addition, a is not in any parabolic domain, then a cannot be attracted by any rationally indifferent cycles.
Theorem 7 was proved by Perez-Marco [11] in the case of irrationally indifferent cycles and by using the Petal Theorem of Fatou in the case of rationally indifferent cycles. It is obvious that Theorem 7 holds for the case of repelling cycles.
THEOREM 8. Letf be a transcendental meromorphic function. If U is a wandering domainoff,thenallthelimitfunctionsof{f n \v}liein(P(f))'C\J(f). IfU is a Baker domain of period p off, then all the limit functions of{f n \ u }liein{S p {f))'C\J(J).
Theorem 8 was proved by Zheng [17] . The following lemma will be often used in the proofs of our Theorem 1, Theorem 2 and Theorem 3 (see [8] If f(a) A oo (n ->• oo) and (5 \ {oo}) n 7^ = 0, the same argument as above implies that a is attracted by a periodic cycle.
• PROOF OF THEOREM 1. We prove that (1.1), (1.2) and (1.3) in Theorem 1 hold provided that / is geometrically finite. It is obvious that (1.1) holds. For a e J(f) n P(f) = A (say), it is clear that {f"(a)} C A, and from (1) Below we prove that/ is geometrically finite provided that (1.1), (1.2) and (1.3) hold. Since F(f) is completely invariant under/, 0 + (F(f)) cannot meet / ( / ) , and so we have
Since #(J(f) n sing(f~1)) < +oo, it follows from (1.2) that we have p :=#O + (7(/)nsing(/-1 )) <+oo and Thus we deduce
#U(f) OP(f))<2p+ #C r (f) + #L(f) + #D(f) < +oo,
so that / is geometrically finite.
• PROOF OF THEOREM 2. We prove that (2.1), (2.2) and (2.3) hold provided that / is geometrically finite. By Theorem 1 we only need to prove (2.3). Let U be the component of F(f) containing b. Obviously, we only need to consider the case when U is wandering. From Theorem 7, {/"(&)} cannot be attracted by any periodic cycles in J{f). Since all the limit points of {/"(&)} are in J(f) D P(f)' and / is geometrically finite, Lemma 1 implies / " (b) -> oo (n -*• oo). Now we prove that/ is geometrically finite using (2.
1), (2.2) and (2.3). For a 6 L(f)\{oo], we have a component U of F(f) andfe € t/Dsingf/"
1 ) such that a is a limit point of {/"(&)}. Then U is wandering. By (2.3) we derive a contradiction. Thus L(f) \ {oo} -0. Then the same argument as in the proof of Theorem 1 implies the desired result.
.^ D
Proofs of Theorem 3 and Theorem 4
In the proofs of Theorem 3 and Theorem 4, we need the following lemma, which is essentially due to [7] .
LEMMA 2. Assume that f € B p and0 ^\J^L l f~k(oo). Then there exists a positive constant d such that for all z e C \ {0} at which f p is analytic, we have
A proof of Lemma 2 was given in [14] for '167r' instead of '4' in (3) by the logarithmic change of variable in a neighbourhood of infinity, as in [7, Lemma 1] . We prove (3) using the hyperbolic metric principle (see [19] ). (4) implies (3).
•
The following is an immediate consequence of Lemma2.
COROLLARY. Letf be in B p . Forz € I p (f), we have
Therefore, f p is expanding on I p (f). , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678870000361X [10] From (6) oo and dist(a", P(f)) -+ oo (n -+ oo). Since I(f )C\ J (f) is thin at infinity, there exist r, e > 0 such that (7) density(/(/) n J ( / ) , £>(a", r)) < 1 -e.
Put r" := (l/2)dist(a", P(f)). We can assume that r" > r, n = 1,2 There exists an analytic branch g n of / ~" univalent in D(a", 2r") carrying / " ( a ) back to a. Koebe's Distortion Theorem implies that
oo. Thus from (7) it follows that a is not a Lebesgue density point of 1(f) D J (f). We derive a contradiction, from which Theorem 4 follows.
PROOF OF THEOREM 5. For a given point a e J(f) \ (P(f) U J^), we want to prove that a is not a Lebesgue density point of J(f). To this end suppose that a is. We consider two cases. By the same argument as in the proof of Theorem 4 we can derive a contradiction.
(ii) Assume that \f(a)\ < R,n = 1,2, Since/ is geometrically finite, from Lemma 1 and Theorem 7 it follows that {/ " (a)} has a limit point not in P ( / ) D / (/) U {oo}. 
and hence 
EXAMPLE3. Let g(z) = ks'mz -s/(z -n)
, where X and e are both non-zero constants. Thenmes(/(g)) > 0 andmes(7(g)) > 0.
PROOF. We first note that g(z) has no asymptotic values. We now consider the critical values of g(z)-For z € C such that we have (11) \g ( 
\z-n\'
Since the sequence of the zeros of g'(z) tends to infinity, from (11) we deduce sing(g~') is bounded and infinite, that is, g(z) is in Class B.
By the same argument as in [12] , we can prove that mes(7 (g)) > 0. This is because for sufficiently large h > 0, \g'(z)\ = 0{e h ) and |*"(zW(z)| « 1 in {z; \ Im(z)| > h], that is, g is expanding by a rate of exponentiation and the nonlinearity is near 1. By [18, Theorem 2], we have I(g) C J(g) and hence mes(7(/)) > 0.
• It was proved in [5] that for sufficiently small e and 0 < A. < 1, F(g) consists of one attracting basin and contains all the singularities of g~l. It is easy to see that g(z) is geometrically finite and dist(P(g), J(g)) > 0.
We conclude the section with the following result.
Let f (z) be an entire function having a completely invariant component. If sing(/~') consists of critical values and logarithmic singularities and their limit points, and sing(f ~l) D J(f) is finite, thenf is geometrically finite.
The result follows from [7, Lemma 11] , which asserts that a completely invariant component contains all the critical values and logarithmic singularities.
